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1. Introduction

Studies of electron swarms in neutral gases under the influ-
ence of varying configurations of electric and magnetic fields 
are of interest not only from a theoretical viewpoint but have 
many important applications such as determination of low-
energy electron–molecule cross sections  [1, 2], modeling of 
non-equilibrium plasma discharges, including magnetron 
sputtering [3, 4], plasma propulsion [5, 6] and inductively 
coupled plasma [7, 8], and modeling of particle detectors in 
high-energy physics [9, 10]. A swarm of charged particles 
is usually defined as an ensemble of charged particles, such 
as electrons or ions, drifting and diffusing in a background 
gas under the influence of electric and/or magnetic fields. 
In plasma physics, this is designated as the free diffusion 
or test particle limit where charged particle-charged particle 
interactions and space-charge fields are negligible. In plasma 
modeling, swarm data obtained under the influence of direct 
current (dc) electric (and rarely magnetic) fields are gener-
ally applied as input in fluid models of magnetized plasma 

discharges. In swarm experiments, the applied electric and 
magnetic fields as well as the properties of the background 
gaseous medium can be very efficiently controlled, enabling 
one to perform accurate measurements of transport coeffi-
cients. Transport coefficients can be then unfolded to yield 
information about cross sections for electron scattering which 
are required as input in kinetic models of plasma discharges. 
The literature of contemporary theoretical investigation on 
electron transport in electric and magnetic fields has been 
summarized in the papers of Petrović et al [2, 11], White et al 
[12, 13] and Dujko et al [14, 15], with particular emphasis on 
dc electric and magnetic fields.

For the more general case of alternatively current (ac) 
electric and magnetic fields, particularly in domain of rf 
fields crossed at arbitrary phases and angles, there has been 
comparatively less investigation. The reason is twofold: first, 
the presence of time-varying magnetic field introduces una-
voidable mathematical complexity in theories for solving the 
Boltzmann equation and second, still it is not entirely clear 
how to implement time-resolved swarm transport data in fluid 
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models of magnetized plasma discharges properly. In addi-
tion, it is very computationally expensive to store space and 
time-dependent distribution functions and related transport 
data and usually the cycle-averaged values for these quantities 
are employed in the models [16]. Nevertheless, the existence 
of crossed rf electric and magnetic fields in inductively cou-
pled plasmas, rf magnetrons and in some other types of mag-
netically enhanced plasma sources have triggered a new wave 
of studies of the equivalent swarm problem. One of the critical 
problems in these studies was accurate representation of tem-
poral and spatial non-locality of electron transport in various 
field configurations [17–20]. Certain aspects of the same 
problem are addressed by plasma modelers without taking 
advantage of the recent advances in the physics of swarms. 
In particular, kinetic phenomena induced by temporal non-
locality of electron transport in time-varying fields such as 
anomalous anisotropic diffusion [21, 22], time-resolved nega-
tive differential conductivity [23] and transiently negative dif-
fusivity [24, 25], as well as phenomena induced by the explicit 
influence of non-conservative collisions such as the absolute 
negative electron mobility [26], are such examples. The influ-
ence of a time-varying magnetic field on electron kinetics 
was also rarely studied in plasma modeling with the excep-
tion of some Particle in Cell models [27–29]. A few authors 
have considered the ×E B transport data into plasma models 
accurately which in turn have led to a better understanding 
of the plasma heating for some arrangements of magnetically 
enhanced/assisted plasma reactors [16, 30]. It was also shown 
that inclusion of the ×E B drift may lead to additional heating 
of inductively coupled plasmas [31, 32]. Kinetic phenomena 
induced by temporal and spatial non-locality, their interpre-
tation and physical implications which may arise from their 
explicit inclusion into plasma models, have given rise to a 
whole new dimension of swarm physics. The literature of 
theoretical investigation on electron swarms in rf electric and 
magnetic fields has been recently summarized in the papers 
[2, 11, 13, 33], textbook [7] and thesis [34].

In this paper, as a part of our on-going investigations of 
electron transport in spatially uniform rf electric and mag-
netic fields, we systematically study the origin and physical 
mechanisms for electron heating assuming swarm conditions. 
Preliminary results revealed the existence of periodic struc-
tures in the variation of the mean energy with the magnetic 
field amplitude for certain model gases [35]. This phenom-
enon was related to the resonant absorption of energy from rf 
fields by electrons. Similar results have never been observed 
for electrons in dc electric and magnetic fields, where the mean 
energy of electrons is always a monotonically decreasing 
function of magnetic field strength, independent of the gas 
type and field configuration (except for parallel fields) [12, 14, 
15, 36–38] and with the exception of one observation of local 
peaks in energy for electron swarms in argon [39]. This raises 
a number of questions: Which physical mechanism controls 
the power absorption in rf electric and magnetic fields? What 
is the nature of the periodicity and spacing between individual 
peaks in the profile of the absorbed power? Does the phenom-
enon occur for real gases or only for less realistic model gases? 
What are the implications of this phenomenon for analysis of 

power absorption in more realistic plasma sources? In this 
paper we will try to address some of these issues. In particular, 
here we do not attempt to analyze the ohmic, and stochastic 
heating by anomalous skin effect [40–44], and related elec-
trodynamics of electrons in realistic rf plasma sources where 
many parameters and operating conditions such as pressure, 
coil design [45, 46] and antenna shape [47], and presence of 
a substrate [48] as well as gas heating [49] may simultane-
ously affect the mechanisms for power absorption. Examples 
of these studies include those attempting to understand the 
non-local power deposition in inductively coupled plasmas  
[50–52], rf magnetrons [53] and magnetically enhanced 
plasmas. Instead we isolate and investigate the electron com-
ponent of these plasmas under the action of spatially uniform 
rf electric and magnetic fields. We believe that one of the most 
critical steps in plasma modeling is testing and verification 
of plasma models and interpretations against swarm-type 
models and spatially uniform fields. In particular, due to their 
complexity and due to difficulties associated with the imple-
mentation of boundary conditions to solutions of Boltzmann’s 
equation, kinetic treatments of non-equilibrium plasmas sus-
tained by rf electric and magnetic fields should be bench-
marked against the swarm results in the free diffusion limit. 
On the other hand, one ought to mention the recent study on 
the non-local response and resonance phenomena associated 
with electrons subjected to an externally prescribed, spatially 
varying electrostatic field [54].

This work represents the first multi term Boltzmann equa-
tion calculation of power absorption of the electrons in rf elec-
tric and magnetic fields under swarm conditions. The study is 
organized as follows. In section 2, we first consider the col-
lisionless motion of a single electron in oscillating rf electric 
field, then we proceed to a combined rf electric and dc mag-
netic fields case, and finally we analyze the motion of a single 
electron in oscillating rf electric and magnetic fields. In this 
section, particular emphasis is placed upon the derivation of 
conditions for resonance. The explicit influence and contribu-
tion of collisions between electrons and neutral molecules to 
power absorption is examined via Boltzmann’s equation anal-
ysis. In the same section we analyze the role of collisions on 
the power absorption by considering the electron transport in 
varying configurations of electric and magnetic fields. Our 
specific interest here is to investigate relations with the col-
lision free case. Temporal profiles and cycle-averaged values 
of various transport properties are presented as a function of 
the field frequency and field amplitudes for Reid’s inelastic 
ramp model and molecular oxygen. In section 4 we discuss 
the periodic resonant structures that exist in the profiles of the 
absorbed power and mean energy with magnetic field ampli-
tude in rf electric and magnetic fields.

2. Collisionless motion of a single electron in  
uniform and time-varying electric and magnetic fields

In this section  we are concerned with the collisionless 
motion of electrons in spatially uniform electric and mag-
netic fields perpendicular to each other. While some of the 
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issues discussed here may be well known, it is necessary to 
present them to build a phenomenology for the effect of the 
magnetic field in collisionless and collisional conditions. The 
assumption of motion without collisions is applicable when 
electron performs a large number of oscillations between two 
successive collisions. Let us assume that the electric field lies 
along the z-direction while magnetic field is oriented along the 
y-direction. The equations of collisionless electron motion are 
then given by:

( )=m
v

t
ev B t

d

d
,x

z (1)

=m
v

t

d

d
0,

y
 (2)

= − +m
v

t
e E t v B t

d

d
,z

x( ( ) ( )) (3)

where e and m are the electron charge and mass. In what fol-
lows the subdivision is made by considering the following 
cases: (1) time-varying electric and no magnetic field, (2) 
time-varying electric field and static magnetic field, and (3) 
time-varying electric and time-varying magnetic fields. The 
detailed consideration of electron orbits in electric and mag-
netic fields is beyond the scope of this paper and our focus is 
placed upon the power absorption by electrons.

2.1. Interaction of electrons with a time-varying electric field

Let us consider now the interaction of electrons with a spa-
tially uniform and time-varying electric field, ω=E E tcos0  in 
magnetic field free case. Solving equations (1)–(3), we obtain 
for the three velocity components

ω
ω= = = − +v v v v v

eE

m
t v, , sin ,x x y y z z0 0

0
0 (4)

where vx0, vy0 and vz0 are initial velocities. Integrating equa-
tion  (4) we obtain for the displacement of the electron the 
components

ω
ω= + = + = + +x v t x y v t y z

eE

m
t v t z, , cos ,x y z0 0 0 0

0
2 0 0

 (5)

where x0, y0 z0 are initial positions.
From equations (4) and (5) we see that an electron oscil-

lates at the frequency of the field. The displacement is in phase 
with the field while the velocity is out of phase by π /2. Thus 
if collisions do not occur, then the electric field on the average 
does no work, on an electron. Using the vector notation, equa-
tions (4) and (5) imply that

⟨ ⟩ ⟨ ⟩ ⟨ ⟩
ω

ω ω ω− ⋅ =
−

− ⋅ =e
eE

m
t t e tE v E vcos sin sin 0 ,0

2

0 0

 (6)
where angle brackets denote time averaging. Therefore, for 
collisionless electron motion the energy gained during one 
half of the field cycle is returned to the field in the other half 
of the cycle, and no energy can be transferred.

For power absorption to occur there must be some rand-
omization mechanisms that break the regularity and coher-
ence of the electron motion and the π /2 phase shift between 
the velocity and electric field. As it is well known, phase 
mixing required for electrons to achieve net mean energy is 
due to collisions with the neutral background gas. Collisions 
between the electrons and neutral molecules perturb the 
phase, thereby disturbing the purely harmonic course of the 
electron’s oscillations. Alternatively, reflection from a moving 
field gradient which is common in rf plasmas will also lead to 
heating even without collisions [8].

The time-averaged power absorbed by the swarm (or 
plasma or any active medium), pabs, is given by

( ) ( )∫= − ⋅p
T

eN t t tW E
1

d ,
T

abs
0

 (7)

where N is the number of electrons in the swarm, π ω=T 2 /  is 
the period, and ( )tW  is the average velocity. It should be noted 
that the number of electrons N is not generally conserved 
due to number changing processes such as electron attach-
ment or ionization. From equation (7) we see that in the time 
intervals when the drift velocity (or current for plasmas) and 
electric field have the same sign, the instantaneous power is 
positive and the electric field pumps energy into the system. 
Conversely, when the drift velocity and electric field have the 
opposite signs the instantaneously power is negative and the 
energy is transfered from an active medium to the external 
circuit. This suggests that a phase difference between the drift 
velocity and electric field controls the power absorption of the 
electrons. This is illustrated schematically in figure 1.

2.2. Interaction of electrons with a time-varying electric field 
and static magnetic field

In this section we analyze the collisionless motion of electrons 
in time-varying electric ω=E E tcos0  and static magnetic 
fields. Solving equations (1)–(3), we obtain for the Cartesian 
components of the velocity

( )

( )
ω

ω

= Ω + Ω +

Ω
Ω −

Ω −

v t v t v t
e

m
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( ) =v t v ,y y0 (9)
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Ω −
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e

m
E

t t

cos sin

sin sin ,
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0
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where vx0, vy0 and vz0 are initial velocities and Ω = eB m/  is 
the cyclotron frequency of gyration of the electrons about the 
magnetic field lines. Integrating equations  (8)–(10) the dis-
placement components of the electron can be derived. In brief, 
magnetic field rotates electrons which have elliptical orbits in 
( )×E E B,  plane (e.g. in x–z plane) and the motion of elec-
trons has components at both the cyclotron frequency and at 
the frequency of the electric field ω. The major characteristics 
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of the orbits are dependent on the ratio ωΩ/ . In particular for 
the singular case ωΩ = , the electron moves in circles of ever 
increasing radii. This is the well-known cyclotron resonance 
effect. During this spiral motion the velocity of electron 
continually increases. Since its kinetic energy increases the 
electron absorbs energy from the time-varying rf field. This 
absorption of energy is a resonant process but as we will see 
later the singular case ωΩ =  does not correspond to the max-
imum absorption of energy.

The instantaneous absorbed power for an arbitrary instant 
of time is given by

( ) ( ) ω= −p t ev t E tcos ,zabs 0 (11)

while for the time-averaged power absorbed by an electron, 
we find

( )
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= =
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d

2 sin
.

T

abs
0

abs

0

2 2

2

 (12)

Assuming the field frequency of 500 MHz and an electric 
field amplitude of 200 Td (   = × −1 Td 1 10 21 Vm2), in figure 2 
we display the time-averaged power as a function of the 
reduced magnetic field strength (   = × −1 Hx 1 10 27 Tm3). In 
order to facilitate comparisons with the collisional case we 
shall use E/n0 and B/n0 values in both cases to label conditions. 
Having in mind that when n0   =   0 the ratio E/n0 and/or B/n0 
is meaningless in collisionless case, it should, however, rep-
resent the same field. For example, when E/n0   =   200 Td the 
electric field is actually 7080 V m−1 and when B/n0   =   570 Hx 
the magnetic field is 20.2 mT. It should be noted that selected 
values for frequency and field strengths used to calculate the 
absorbed power, correspond to those used in section 3.4 where 
collisions occur and where the power absorption is studied for 
electrons in molecular oxygen.

The resonant and periodic features in the profile of pabs  
with B/n0 shown in figure 2 are clearly evident. According to 
equation  (12) the positions of minima (or anti-resonances) 
where the absorbed power is zero, are simply given by

( { })ωΩ = ∈k k N, \ 1 ,0 (13)

where ( { })∈k N \ 10  indicates all natural numbers including 0 
but without 1. This suggests that the spacing in the magnetic 
fields between two successive minima corresponds to the field 
frequency.

For positions of peaks we find

( )
( )

( )
⎡
⎣⎢

⎤
⎦⎥ω π

ω ω
π ω

Ω
=

Ω +
Ω Ω −

+ ∈m m N
1

arccot , ,
2 2

2 2 (14)

where m is any natural number. Equation (14) is transcendent 
and reflect the periodicity of the peak occurrence. It should 
be noted that the spacing between two successive peaks gen-
erally is not constant due to the first term in equation  (14). 
However, if Ω dominates ω the first term approaches to 1/2 
and spacing between two successive peaks now becomes con-
stant. Note that according to equations (13) and (14) the posi-
tions of the extremes are determined exclusively by the ratio 

Figure 1. Schematic diagrams of power absorption for charged particle swarms when there is only electric field: (a) no phase difference 
between the drift velocity and electric field; (b) the phase difference of π2 /5 between the drift velocity and electric field.

Figure 2. Variation of the time-averaged power for collisionless 
motion of a single electron with dc magnetic field strength. 
The amplitude of electric field is 200 Td (which corresponds to 
7080 V m−1).
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ωΩ/ . Moreover, it is interesting to note that for a selected set 
of initial conditions used to evaluate the power, positions of 
extremes in variation of pabs  with B/n0 are not related to the 
singular case of cyclotron resonance ωΩ = .

In figure 3 we show temporal profiles of the longitudinal 
( =v vE z) velocity components for magnetic field strengths of 
570 and 1010 Hx, respectively. Calculations are performed for 
the first two periods of the electric field. The values of B/n0 of 
570 and 1010 Hx are deliberately chosen as the first peak and 
first minimum in the absorbed power versus amplitude of the 
applied magnetic field curve correspond to these values (see 
figure  2). For B/n0 of 1010 Hx, the longitudinal velocity is 
perfectly periodic, its amplitude stays unaltered and its mean 
value is zero. Conversely, for B/n0 of 570 Hx, longitudinal 
velocity is not periodic, its amplitude continuously increases 
with time and its mean value is non-zero. This suggests that 
an electron continuously absorbs the energy from the fields 
which is demonstrated in figure  4 where the temporal pro-
file of the instantaneous power is shown. In contrast to the 
B/n0   =   570 Hx case, for B/n0 which corresponds to the first 
minimum in the B/n0 profile of pabs  (e.g. for 1010 Hx), we 
see that the mean value of the instantaneous power is zero.

2.3. Interaction of electrons with time-varying electric and 
time-varying magnetic fields

We now consider the case of time-varying electric and time-
varying magnetic fields. The solution of equations  (1)–(3) 
cannot be obtained in a closed-form. Instead, we apply a 
numerical method described by Dormand and Prince [55] 
which is based on Runge–Kutta formulas. Various imple-
mentations of this method are publicly available. In order to 
demonstrate the effect of time-varying magnetic fields, equa-
tions  (1)–(3) are numerically solved assuming E/n0   =   200 
Td, f    =   500 MHz and a range of magnetic field amplitudes 

B n/0 0. The same electric field amplitude and field frequency 
will be applied in section 3.5 where the power absorption is 
studied for electrons in molecular oxygen under conditions in 
which the swarm behavior is controlled by collisions.

The solutions calculated using the initial values 
= =v v 0x z0 0  are shown in figures 6 and 7. We observe that 

the mean absorbed power during the first period of the rf field 
exhibits a strong resonant behavior (figure 5) but the condi-
tions for resonance are not the same as in the case of a static 
magnetic field. These conditions are discussed in more detail 
in section 4. The longitudinal velocity (see figure 6) and the 
instantaneous absorbed power (see figure  7) are calculated 
using two different magnetic field amplitudes, 950 Hx and 
1950 Hx, which correspond to the resonance and anti-reso-
nance, respectively. It is seen that in the case of resonance, the 
amplitude of the longitudinal velocity (vE) increases with time 
and so does the absorbed power. In case of anti-resonance, 
the energy absorbed during one period is almost zero and the 
velocity components are periodic functions with essentially 
constant amplitudes.

3. Motion of electrons in uniform and time-varying 
electric and magnetic fields in the presence of 
collisions

3.1. Brief description of theoretical methods

The heating mechanism for electron swarms in the pres-
ence of collisions under the action of rf electric and mag-
netic fields is investigated using a multi term theory for 
solving the Boltzmann equation. A detail discussion of the 
Boltzmann equation based calculation used in this work to 
evaluate power and various electron transport parameters 
may be found elsewhere [17, 33, 36]. A Monte Carlo simula-
tion technique is also used in this work but as an indepen-
dent tool with the aim of verifying the sometimes atypical 

Figure 3. Temporal profiles of the longitudinal velocity for 
collisionless motion of a single electron in time-varying electric 
and dc magnetic fields. The amplitude and frequency of the electric 
field are 200 Td (7080 V m−1) and 500 MHz while magnetic field 
strengths are 570 (20.2 mT) and 1010 Hx (35.8 mT).

Figure 4. Temporal profiles of the instantaneous power for 
collisionless motion of a single electron in time-varying electric 
and dc magnetic fields. The amplitude and frequency of the electric 
field are 200 Td (7080 V m−1) and 500 MHz while magnetic field 
strengths are 570 Hx (20.2 mT) and 1010 Hx (35.8 mT).

Plasma Sources Sci. Technol. 24 (2015) 054006
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behavior of electron transport properties in rf electric and 
magnetic fields found in the Boltzmann equation solutions. 
Some examples of atypical behavior include the negative 
diffusion coefficients, asymmetry of the drift velocity along 
the ×E B direction with respect to zero value or the pres-
ence of additional oscillatory type-behavior in the temporal 
profiles of drift velocity components and in the profiles of 
individual diffusion tensor elements. In addition, we use our 
Monte Carlo method to follow the spatio-temporal develop-
ment of an electron swarm in the real space which can be 
very useful to understand the behavior of electron transport 
properties in rf electric and magnetic fields, particularly if 
electron transport is greatly affected by non-conservative col-
lisions. For more details on our Monte Carlo technique the 
reader is referred to [11, 56, 57].

3.2. Preliminaries

In order to illustrate the power absorption of electrons in 
rf electric and magnetic fields under swarm conditions, we 
first consider Reid’s inelastic ramp model [59]. This model 
has been used many times in the past to test various theories 
for solving Boltzmann’s equation and numerical accuracy of 
different Monte Carlo codes for electron transport. Various 
conditions have been considered, including dc electric and 
magnetic fields [12, 37, 38, 60], as well as time-varying 
electric and magnetic fields [11, 17, 25, 61] for a variety of 
field configurations. The details of the model used here are as 
follows:

A

A

m
T

6 ˚ elastic cross section

10 0.2 ˚ , 0.2 eV inelastic cross section
0, 0.2 eV

4 amu
0K ,

m

inel

2

2

0

0

( )   (     )

( ) ( )  ⩾   (     )
 

⎧
⎨
⎩

σ

σ

=

= −
<

=
=

ε

ε ε ε
ε

 
(15)

where m0 and T0 represent the mass and temperature of the 
neutral gas particles while ε has the units of eV.

The failure of the classical two term approximation for 
solving Boltzmann’s equation  for Reid’s inelastic ramp 
model is well-documented [37, 58, 59] and generally =l 4max  
is required to achieve convergence of transport coefficients 
to within 0.5%. On the other hand, as pointed out by White  
et al [66] and Dujko et al [17], the application of a magnetic 
field acts to destroy the anisotropy of the velocity distribution 
function, consequently inducing enhanced convergence in the 
l-index. Nevertheless, all calculations are performed assuming 
=l 4max .

In addition to Reid’s inelastic ramp model, we investigate 
the power absorption of the electrons in molecular oxygen. 
The cross sections  for electron scattering in molecular 

Figure 5. Variation of the time-averaged power for collisionless 
motion of a single electron with the amplitude of rf magnetic field. 
The amplitude of the electric field is 200 Td (7080 V m−1) and 
frequency is set to 500 MHz.

Figure 6. Temporal profiles of the longitudinal velocity for 
collisionless motion of a single electron in time-varying electric and 
magnetic fields. The amplitude and frequency of the fields are 200 
Td (7080 V m−1) and 500 MHz while magnetic field amplitudes are 
950 Hx (33.6 mT) and 1950 Hx (69 mT).

Figure 7. Temporal profiles of the instantaneous power for 
collisionless motion of a single electron in time-varying electric 
and magnetic fields. The amplitude and frequency of the electric 
field are 200 Td (7080 V m−1) and 500 MHz while magnetic field 
amplitudes are 950 Hx (33.6 mT) and 1950 Hx (69 mT).
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oxygen are detailed in [62, 63] and displayed in [17]. The 
same set of cross sections was successfully applied for deter-
mination of the steady-state electron transport coefficients 
and for the studies of the temporal relaxation of electrons 
when electric and magnetic fields are crossed at arbitrary 
angles [17, 64]. Calculations are performed for low pres-
sures ( ⩽p 1 Torr) and while the effects of three-body attach-
ment are included in this study, these effects are negligible 
in the limit of low pressures, as discussed in [65]. The two-
term approximation for solving Boltzmann’s equation  for 
electrons in molecular oxygen fails due to large cross sec-
tions for inelastic collisions and due to their rapid rise with 
the electron energy. As for Reid’s inelastic ramp model, it 
was found that a value of =l 4max  is required to achieve 
the convergence to within 1% for the transport properties of 
interest in the present work.

All calculations are performed for zero gas tem-
perature and the neutral gas number density is fixed to 
×3.54 1022 m−3. The electric field has the following form 

( ) ( ) ( )π=E t n E n ft/ / cos 20 0 0  Td while magnetic field is treated 
differently. In section 3.3 we consider magnetic field free case 
while in section 3.4 we consider rf electric and dc magnetic 
fields. In section 3.5 the electric and magnetic fields are radio-
frequency. In particular, if electric and magnetic fields are 
π /2 out of phase then magnetic field has the following form 

( ) ( ) ( )π=B t n B n ft/ / sin 20 0 0  Hx, where B n/0 0 is magnetic field 
amplitude. All calculations deal exclusively with the ×E B 
configuration.

3.3. Electrons in a time-varying rf electric field in the  
presence of collisions

In figures 8(a) and (b) we show the cycle-averaged mean energy 
ε  and cycle-averaged power pabs  as a function of the fre-

quency of the applied rf electric field for Reid’s inelastic ramp 
model and molecular oxygen, respectively. For both gases the 
cycle-averaged value of mean energy and the cycle-averaged 
value of power display a maximal property with frequency. 
We see that both ε  and pabs  decrease rapidly for higher 
frequencies. For Reid’s inelastic ramp model the maximum 
in ε  occurs at approximately 35 MHz while for pabs  the 

maximum is at approximately 27 MHz. For oxygen, the max-
imum in ε  occurs at higher frequencies, around 100 MHz 
while pabs  attains its maximal value around 80 MHz. The 
instantaneous power relaxes on the time scale of momentum 
relaxation while the mean energy relaxes according to the 
time constant for energy transfer in collisions. As discussed 
by Dujko et al [17], for molecular oxygen the relaxation of 
momentum is a much faster process. As a consequence, the 
mean energy undergoes a reduction in modulation amplitude 
and exhibits a phase shift with respect to the electric field in 
the range of field frequencies for which the drift velocity is 
almost fully modulated.

Temporal profiles of the mean energy ε and drift velocity W 
as a function of the frequency of the applied rf electric field for 
electrons in oxygen are shown in figure 9. These profiles are 
used to evaluate the cycle-averaged values shown in figure 8. 
For ε we note the following: (1) the modulation amplitude 
decreases with increasing frequency and is essentially time-
independent in the limit of the highest frequencies considered 
in this work; (2) the phase delay of the temporal energy pro-
file with respect to the applied electric field increases with 
increasing frequency; (3) as already discussed ε exhibits a 
maximal property with frequency; and (4) there is a transition 
from non-sinusoidal profiles at low frequencies to sinusoidal 
at higher frequency.

From the profiles of the drift velocity W we note the fol-
lowing: (1) the modulation amplitude shows a maximal 
property with the field frequency; (2) there are no signs of 
time-resolved negative differential conductivity; and (3) there 
is transition from non-sinusoidal profiles at lower frequencies 
to sinusoidal at higher frequency.

Among the many important points which can be observed 
in the temporal profiles displayed in figures 9(a) and (b), it 
is clear that due to collisions between electrons and neutral 
background molecules the coherence of the electron motion 
and the π /2 phase shift between the velocity and electric 
field is broken. For swarms under the influence of an rf elec-
tric field in low-frequency regime, the effective relaxation 
times for momentum and energy are sufficiently small over 
all phases of the field, that full relaxation applies and drift 
velocity follows the field in a quasi-stationary manner. In 
such a case, the time-averaged power absorbed by the swarm 

Figure 8. Variation of the cycle-averaged mean energy (full line) and power (dash line) with the frequency of the applied rf electric field. 
Calculations are performed for (a) Reid’s inelastic ramp model ( =E n/ 14.140 0  Td) and (b) molecular oxygen ( =E n/ 2000 0  Td).
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depends on the magnitude of the drift velocity and shape of 
the drift velocity temporal profile. As proposed by Bzenić  
et al [23], the time-resolved negative differential conductivity 
in the temporal profiles of the drift velocity can enhance/
reduce the overlap between the drift velocity and electric field. 
As a consequence, the power absorption by the swarm could 
be increased/reduced. On the other hand, for an increasing 
field frequency the phase difference between the drift velocity 
and electric field is increased due to the inability of both 
momentum and energy to sufficiently relax before the field 
changes. As a consequence, the drift velocity undergoes a 
reduction in the modulation and an increase in the phase shift 
with respect to the field which in turn leads to reduction of 
the power absorption. It should be noted that various effective 
field theories for electron transport in rf electric fields such as 
quasi-stationary or effective field approximations usually fail 
to accurately describe the power absorption [11, 23].

3.4. Electrons in a time-varying rf electric field and static  
magnetic field in the presence of collisions

In this section we analyze the power absorption of the elec-
trons in time-varying rf electric and static magnetic fields in the 
presence of collisions. Figures 10 and 11 display the variation 
of the cycle-averaged mean energy and cycle-averaged power 
as a function of the applied magnetic field strengths for Reid’s 
inelastic ramp model and molecular oxygen, respectively. We 
observe that the positions of peaks in the ε  approximately 
correspond to those of the pabs . For increasing frequency, 
the peaks in the B/n0-profiles of the ε  and pabs  are shifted to 
the right. For each value of the field frequency, ε  and pabs  
initially increase with B/n0, reaching a peak, and then they 
start to decrease with B/n0. This is a typical resonant behavior 
although additional peaks observed for collisionless motion in 
the limit of higher B/n0 are not observed. However, the posi-
tion of the central and dominant peak in the B/n0-profiles of 

pabs  for molecular oxygen agree very well with the corre-
sponding peak observed for collisionless motion of a single 
electron shown in figure 2. This is a clear sign that resonant 
absorption of the energy for collisionless motion carries over 
to the situation where collisions control the swarm behavior.

Temporal variations of the longitudinal WE drift velocity 
over a range of magnetic fields for electrons in molecular 
oxygen are shown in figure 12. The electric field amplitude and 
frequency are set to 200 Td and 500 MHz, respectively. When 
a dc magnetic field is applied we observe a reduction in modu-
lation amplitude of WE and the modification of the phase shift 
between WE and the electric field. It is interesting to note that 
for B/n0 of 750 Hx there is no phase difference between WE 
and electric field. However, the maximal absorption of energy 
occurs for lower B/n0, around 550 Hx, as shown in figure 11. 
This follows from the fact that the modulation amplitude of 

Figure 9. Temporal profiles of the mean energy (a) and drift velocity (b) as a function of the frequency of the applied rf electric field. The 
amplitude of electric field is 200 Td and calculations are performed for molecular oxygen.

Figure 10. Variation of the cycle-averaged mean energy (full lines) 
and cycle-averaged absorbed power (dash lines) with B/n0 for 
different field frequencies f . Calculations are performed for Reid’s 
inelastic ramp model. The amplitude of electric field is 14.14 Td.
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WE is significantly decreased for B/n0 of 750 Hx and illustrates 
how the interplay between modulation amplitude of the lon-
gitudinal drift velocity and its phase shift with respect to the 
electric field directly influences the power absorption.

3.5. Electrons in time-varying rf electric and magnetic fields 
in the presence of collisions

Certainly the most complex situation is the behavior of elec-
trons in rf electric and magnetic fields in the presence of 
collisions. In figures 13 and 14 we show the variation of the 
cycle-averaged mean energy and cycle-averaged power as a 
function of the magnetic field amplitude for Reid’s inelastic 
ramp model and molecular oxygen, respectively. Electric 
and magnetic fields are in the crossed orientation and π /2 
out of phase. The most prominent property in the B n/0 0-pro-
files of ε  and pabs  is the presence of additional periodic 

structures. The positions of the extremes in ε  are found to 
approximately correspond to those of pabs . For increasing 
frequency, differences between positions of ε  and pabs  are 
slightly enhanced as the mean energy and drift velocity relax 
on different time-scales. For Reid’s inelastic ramp model and 
frequencies lower than 50 MHz, ε  and pabs  are monotoni-
cally decreasing functions of the magnetic field amplitude. 
For higher frequencies, however, the resonant-type behavior 
is induced. In contrast to the situation where the electric field 
is radio-frequency and a magnetic field is static, we observe a 
multitude of peaks in the B n/0 0-profiles of ε  and pabs . This 
is a clear signature of the resonant absorption of energy from 
the rf electric and magnetic fields. For increasing frequency, 
the periodic structures become more wider and extremes 
occur at higher values of B n/0 0.

Temporal profiles of the longitudinal drift velocity com-
ponent as a function of the magnetic field amplitude and 

Figure 11. Variation of the cycle-averaged mean energy (full lines) 
and cycle-averaged power (dash lines) with B/n0 for different field 
frequencies f . Calculations are performed for molecular oxygen. 
The amplitude of electric field is 200 Td.

Figure 12. Temporal variations of the longitudinal drift velocity 
components for a range of magnetic field strengths. Calculations are 
performed molecular oxygen (E/n0   =   200 Td, f    =   500 MHz).

Figure 13. Variation of the cycle-averaged mean energy (full line) 
and power (dash line) with B n/0 0 for different field frequencies. 
Calculations are performed for Reid’s inelastic ramp model. The 
amplitude of electric field is 14.14 Td.

Figure 14. Variation of the cycle-averaged mean energy (full line) 
and power (dash line) with B n/0 0 for different field frequencies. 
Calculations are performed for molecular oxygen. The amplitude of 
electric field is 200 Td.
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frequency for electrons in molecular oxygen are shown in 
figure 15. For increasing B n/0 0 the additional ‘oscillatory’-type 
behavior in the WE profiles is clearly evident for all frequencies 
considered in this work. For B n/0 0 of 1000 Hx the modulation 
amplitude of WE is increased as compared to the magnetic field 
free case while the phase shift with respect to the electric field 
is reduced. This favors the absorption of energy from the fields 
as shown in figure 14. Further increase of the magnetic field 
reduces the modulation amplitude and strong oscillations are 
induced. This is an alternating process which leads to the peri-
odic structures observed in the absorbed power.

4. Discussion

The following question arises from the previous set of results: 
why do the periodic resonant structures exist for the absorbed 
power and mean energy in rf electric and magnetic fields? 
In low-frequency regime when all transport properties have 
enough time to relax, the physical mechanism of the mag-
netic cooling in dc electric and magnetic fields [15, 37, 66] is 
directly carried over to the rf fields. Under these conditions, 
the absorbed power is a monotonically decreasing function of 
the applied rf magnetic field amplitude (with the exception 
of the unusual behavior of mean energy for electrons in pure 
argon [39]). When the field frequency is increased, however, 
the phase shift between the drift velocity and electric field is 
enhanced. The number of electrons traveling against the field 
is significantly increased and the degree of their ‘synchroniza-
tion’ with the electric field is reduced. In such a case, if the 
magnetic field is not too strong, then the action of the mag-
netic field perpendicular to the electric field (assuming that the 
electric and magnetic fields are crossed at an arbitrary angle) 
is to turn those electrons traveling against the electric field to 
travel with the electric field. In other words, the magnetic field 

acts in such a manner to ‘synchronize’ electrons with the elec-
tric field. This physical picture is valid until reaching the first 
peak in the absorbed power versus amplitude of the applied rf 
magnetic field curve (see figures 13 and 14). Further increase 
of the applied rf magnetic field leads to a decrease of the 
absorbed power. Some aspects of these physical arguments 
are illustrated on figure 16 where the temporal profiles of the 
difference between number of electrons traveling with and 
against the electric field are calculated for several magnetic 
field amplitudes. Calculations are performed by our Monte 
Carlo code for Reid’s inelastic ramp model. The amplitude 
and frequency are set to 14.14 Td and 200 MHz, respectively. 

Figure 15. Temporal profiles of the longitudinal drift velocity component as a function of magnetic field amplitude and field frequencies. 
Calculations are performed for molecular oxygen. The amplitude of electric field is 200 Td.

Figure 16. Temporal profiles of the difference between number 
of electrons traveling along (Np) and against (Nm) the axis which 
is defined by the electric field. Calculations are performed for 
Reid’s inelastic ramp model and N is total number of electrons in 
simulation. The amplitude and frequency of electric field are 14.14 
Td and 200 MHz.
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We see that the number of electrons traveling along the elec-
tric field is much greater for B n/0 0 of 350 Hx than for the mag-
netic field free case. The phase shift between their oscillatory 
motion and oscillating rf electric field is much less comparing 
to the magnetic field free case and for cases where B n/0 0 is set 
to 150 and 800 Hx.

In order to investigate the periodic nature of the resonant 
structures observed in figures 13 and 14, in figures 17 and 18 
we show the positions of extremes in the absorbed power versus 
the amplitude of the applied rf magnetic field curve. We con-
sider both the collision free case and situation when collisions 
control the swarm behavior for Reid’s inelastic ramp model 
and molecular oxygen. In addition, we present the results of 
our linear fitting procedure for both the Reid ramp model and 
molecular oxygen. The cyclotron frequency is a sinusoidal func-
tion and thus we have decided to present its mean value which 
coincides with the amplitude of cyclotron frequency divided by 
π /2. We observe that the spacing between two successive peaks 

is constant and is approximately twice the field frequency. In 
other words, the slope of the fitting curves is approximately 2, as 
indicating in figures 17 and 18. We have found that the positions 
of the extremes are exclusively defined by the ratio between the 
mean cyclotron frequency Ω  and field frequency ω. As a con-
sequence, the positions of the extremes are not dependent on 
the nature of the gaseous medium in which electrons drift and 
diffuse under the influence of rf electric and magnetic fields. 
Furthermore, we observe that numerical solutions for posi-
tions of the extremes in a collision free case agree very well 
with those obtained by solving Boltzmann’s equation  when 
collisions occur. This is a clear sign that even when collisions 
control the swarm behavior some amount of the energy is trans-
ferred to electrons via resonant absorption of the energy from 
the rf electric and magnetic fields.

5. Conclusion

In this paper we have analyzed, first, the collisionless motion 
of a single electron in spatially uniform rf electric and mag-
netic fields. The periodic feature in the absorbed power versus 
amplitude of the applied rf magnetic field curve has a typical 
resonant structure. When the power absorption peaks, the 
longitudinal and transverse velocity components are not peri-
odic, their amplitude continuously increases with time and 
their mean values are not zero. On the other hand, when the 
absorbed power is zero, both velocity components are per-
fectly periodic with constant amplitudes.

Second, using a multi term theory for solving the 
Boltzmann equation, we have investigated the power absorp-
tion of electrons when collisions with neutral molecules occur. 
Numerical examples are given for electrons moving and dif-
fusing under the action of rf electric and magnetic fields for 
Reid’s inelastic ramp model and molecular oxygen. For mag-
netic field free case, the absorbed power shows the maximal 
property with frequency. In domain of rf fields, the absorbed 
power first increases with frequency, reaching a peak, and 
then it starts to rapidly decrease in the limit of higher frequen-
cies. When a dc magnetic field is applied, the absorbed power 
first increases with increasing magnetic field, reaching a peak 
and then a rapid decrease follows. The maximum absorption 
of power occurs at magnetic field strengths for which simulta-
neously the phase shift between the longitudinal drift velocity 
and electric field is minimal and amplitude of drift velocity 
component is maximal. The position of the dominant peak 
on the absorbed power versus magnetic field strength curve 
coincides with the position of the same peak observed for col-
lisionless motion of a single electron. This is a clear sign that 
the resonant absorption of energy takes place in both colli-
sionless and collision-dominated regimes for electron swarms 
in rf electric and dc magnetic fields.

When both electric and magnetic fields are radio-frequency, 
the periodic structures in the absorbed power versus magnetic 
field amplitude strength curve are much more complex. We 
have observed a multitude of peaks in the B n/0 0-profiles of the 
absorbed power and mean energy. Using numerical solutions 
for collisionless motion of a single electron and multi term 

Figure 17. Positions of peaks in the absorbed power versus the 
ratio of mean cyclotron frequency to driving frequency.

Figure 18. Positions of minima in the absorbed power versus the 
ratio of mean cyclotron frequency to driving frequency.
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solutions of Boltzmann’s equation  when collisions occur, 
we have investigated the synergism of temporal non-locality 
and resonances and the interplay between these two effects. 
Perhaps the most striking phenomenon is the independence of 
the position of the extremes with respect to the gas in which 
electrons are drifting and diffusing.

In the past most plasma modeling has been carried out on 
the basis of swarm data for dc fields without any effect of 
magnetic field. We have tried to show here that the more elab-
orate representation of swarm transport theory would yield a 
far richer and more accurate description of heating of elec-
trons in the complex case of combined electric and magnetic 
fields and their gradients.

There are few possible directions of future work arising 
from the results presented in this paper. The theory and math-
ematical machinery briefly presented in this paper, are valid 
for electric and magnetic fields crossed at arbitrary phases and 
angles. Therefore, the first logical extension of the current work 
would be to consider the effects of varying phases and angles 
between the fields on the power absorption. First steps have 
already been made towards this direction [34, 67]. Second, the 
theory and the associated code might be further extended to 
consider resonances induced by spatial non-locality as consid-
ered for electric field only in [54]. The ultimative goal would 
be to adapt the present theory in a form suitable for practical 
application to magnetized plasmas. This requires incorporation 
of the space charge effects through a multi term solution of 
Boltzmann’s equation for both the electron and ion species in 
the discharge. It would be challenging and instructive to use 
this plasma-swarm nexus to explore the anomalous skin effect, 
negative absorption of power and complex electrodynamics of 
electrons in inductively coupled plasmas.
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