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Abstract. The transport coefficients of electrons in mixtures of gaseous water and tetrahydrofuran (THF)
are calculated using a multi-term solution of the Boltzmann equation. Electron transport coefficients at
room temperature are presented over a range of reduced electric fields from 0.1–1000 Td, with significant
differences between the behaviour in pure water and pure THF being found. The influence of the water
to THF mixture ratio on the calculated transport coefficients is also presented.

1 Introduction

An understanding of the interaction of electrons with
human tissue is of importance in many fields rang-
ing from imaging to dosimetry in medicine and ther-
apy [1–3]. Treatments involving ionizing radiation liber-
ate low-energy electrons (average energies of 20–30 eV),
which subsequently interact and deposit energy in the
biomolecules that constitute human tissue. Damage asso-
ciated with such ionizing radiation has been attributed
in part to the low-energy dissociative electron attach-
ment (DEA) that induces single and double strand breaks
in DNA, or indirectly through interaction of electron-
induced radicals with DNA [1]. In plasma medicine, an
understanding of the plasma-tissue interactions at the in-
terface, including the electron-impact generation of radi-
cals, and penetration of the plasma and associated fields
into the tissue, is of key importance to a predictive un-
derstanding of plasma treatments using dielectric barrier
discharges [3]. Fundamentally, an understanding of non-
equilibrium electron-induced processes and interactions
with biomolecules that constitute human tissue, namely
water, the sugars and DNA bases, is one essential compo-
nent required to accurately model these applications.
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When applying GEANT4/PENELOPE or other ki-
netic modelling techniques, radiation scientists and
plasma-tissue interface modellers often use water vapour
(H2O) as the default substance for studying effects in bi-
ological material [4–7]. In reality, biological media is not
water vapour but rather a complex mixture of biologi-
cal molecules in a soft-condensed phase, and so the open
question is just how good an approximation this default
position actually is.

On treatment of biological media as a gas, our re-
cent program [8–10] has focused on the development of
charged particle transport in soft-condensed matter. We
have looked to adapt gas-phase cross-sections, introduc-
ing structure modified cross-sections (via measured static
structure factors) which account for coherent scatter-
ing associated with the short-ranged structure in soft-
condensed systems. Large differences have been shown to
arise in the transport properties in the gas-phase as op-
posed to the soft-condensed phase [8–10].

On the use of water as the surrogate for biological
media, recently, much effort has been focused on estab-
lishing complete and accurate sets of electron impact
cross-sections for biomolecules. Two of the most complete
sets for biomolecules exist for water and tetrahydrofuran
(THF, C4H8O) – an excellent prototype for species that
form DNA. For electron impact cross-sections in water,
there have been a number of complete or nearly complete
sets of cross-sections proposed [11–14]. For THF, a near-
complete set of total, momentum transfer and integral
cross sections describing its electron scattering behaviour
has recently become available in the literature [15].
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One of the key discriminating assessments of the ac-
curacy and completeness of proposed cross-section sets is
provided by swarm experiments [16–18]. For electrons in
water vapour, experimentally measured swarm transport
coefficients have been provided initially by the Australian
and Japanese groups [19,20] and more recently by the
Mexican group using the pulsed-Townsend technique [21].
The current authors have recently reviewed and refined
the cross-section set for water through comparison of cal-
culated data with measured swarm data [14,22]. Recent
measurements of electron swarms in water and helium
mixtures have enabled a further refinement of the cross-
section set [23], and these have been implemented in the
current study. Unfortunately there is currently no exper-
imental swarm data available for THF, due to complica-
tions with its use in the drift tube at 300 K [15]. The
recently proposed methodology for addressing those is-
sues [15] is currently being implemented.

In this study we begin to address the question of
the validity of a water vapour model for human tissue.
Here, albeit initially in the gas phase, we compare the
behaviour of the electron swarm transport coefficients in
water and THF and their mixtures. In Section 2, we be-
gin with a brief discussion of the calculation of electron
swarm transport coefficients in mixtures using a multi-
term solution of the Boltzmann equation. The variation
of the swarm transport coefficients with density-reduced
electric field, E/n0, and mixture ratios are presented and
discussed in Section 3. Conclusions drawn from the present
investigation are detailed in Section 4.

2 Theory and simulation

In this study we use a multi-term solution of the
Boltzmann equation to investigate the transport of elec-
trons in mixtures of THF and water vapour. In the follow-
ing sections we briefly discuss the techniques, but prefer
to refer readers to the review in reference [24] for further
details. Note that our multi-term Boltzmann equation so-
lutions have been systematically benchmarked and vali-
dated against independent Monte-Carlo simulations for a
variety of external field configurations and profiles [24].

2.1 The Boltzmann equation

The analysis of electron transport in gases can be treated
semi-classically by solving the Boltzmann equation for the
phase-space distribution function f(r, c, t) [25]:

∂f

∂t
+ c · ∇f +

qE

m
· ∂f

∂c
= −J(f), (1)

where r and c denote, respectively the position and ve-
locity co-ordinates in phase space while q and m are the
charge and mass of the particle respectively, and E is the
applied external field. The right hand side of (1) represents
the total collision operator J , describing the rate of change
of the phase-space distribution function due to collisions

between the swarm particles and the neutral background
gas mixture molecules:

J (f, F0) =
∑

i

αiJ
(
f, F i

0

)
, (2)

where the sum is over the gases in the mixture and αi rep-
resents the mole fraction of gas i. For elastic, inelastic and
super elastic collisions are described by the Wang-Chang,
Uhlenbeck, de Boer semi-classical collision operator [26],
while electron attachment and ionisation operators are de-
tailed in reference [27].

2.2 Transport coefficients

Charged particle currents or charged particle densities,
n(r, t), are generally sampled in swarm experiments. The
connection between experiment and theory is usually
made through the equation of continuity:

∂n

∂t
+ ∇ · Γ (r, t) = S(r, t), (3)

where
n(r, t) =

∫
f(r, c, t)dc, (4)

while Γ (r, t) = n〈c〉 is the swarm particle flux and
S(r, t) represents the production rate per unit volume per
unit time arising from non-conservative collisional pro-
cesses. Swarm experiments are carefully designed to op-
erate in the hydrodynamic regime, where the space-time
dependence of the phase-space distribution function is
expressible in terms of the well-known density gradient
expansion [22,27,28]:

f(r, c, t) =
∞∑

k=0

f (k)(c, t) � (−∇)k
n(r, t), (5)

where f (k)(c, t) are time-dependent tensors of rank k
and � denotes a k-fold scalar product. Assuming the func-
tional relationship in equation (5), the flux Γ (r, t) and
source term S(r, t) in equation (3) are expanded as:

Γ (r, t) = WF n(r, t) − DF · ∇n(r, t) (6)

S(r, t) = S(0)n(r, t) − S(1) · ∇n(r, t) + S(2) : ∇∇n(r, t),
(7)

where WF and DF define, respectively the flux drift ve-
locity and diffusion tensor. Substitution of expansions (6)
and (7) into the continuity equation (3) yields the diffu-
sion equation,

∂n

∂t
+ W · ∇n − D : ∇∇n = −Rnet(t)n, (8)

which defines the bulk transport coefficients:

Rnet = −S(0) (9)

W = W F + S(1) (10)

D = DF + S(2). (11)
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The coefficients that are measured in the various swarm
experiments generally differ by (i) various treatments of
the source term; and (ii) how they interpret the results
of their experiments. Physically, the bulk transport co-
efficients are associated with the swarm’s centre of mass
transport (and spread about its centre of mass). The ex-
plicit influence of non-conservative collisional processes
on the swarm’s centre of mass transport is described by
the terms S(1) and S(2). The two sets of transport co-
efficients (i.e. bulk and flux) coincide in the absence of
non-conservative processes.

2.3 Multi-term solution of the Boltzmann equation

To solve the Boltzmann equation (1) in the hydrodynamic
regime we make a series of representations of the var-
ious dependencies in f(r, c, t). The angular dependence
of the phase-space distribution function in velocity space
can be represented in terms of an expansion in spherical
harmonics:

f(r, c, t) =
∞∑

l=0

l∑

m=−l

f (l)
m (r, c, t)Y [l]

m (ĉ), (12)

where Y
[l]
m (ĉ) are spherical harmonics and ĉ denotes the

angles of c. This is a true multi-term treatment. Here we
employ an expansion in speed space in terms of generalised
Sonine Rνl(αc) polynomials [29]:

f (l)
m (r, c, t) = w(α, c)

∞∑

ν=0

Fα(νlm; r, t)Rνl(αc), (13)

which are orthonormal with respect to a Maxwellian
weight function w(α, c) = (α2

2π )3/2 exp{−α2c2

2 }, where
α2 = m

kTb
. Tb is an arbitrary basis temperature used to

optimize convergence.
Using spherical tensors, the density gradient expan-

sion (5) takes the form [30]:

Fα(νlm; r, t) =
2∑

s=0

s∑

λ=0

F (νlm|sλ)G(sλ)
m n(r, t), (14)

where G
(sλ)
m is the irreducible gradient tensor opera-

tor [30]. Performing the necessary operations, the follow-
ing hierarchy of kinetic equations is obtained:

∞∑

ν′=0

∞∑

l′=0

[
n0J

l
νν′(α)δll′ − Rnetδνν′δll′ + i

qE

m
α(l′m10|lm)

×
〈
νl

∣∣∣
∣∣∣K [1]

∣∣∣
∣∣∣ ν′l′

〉
− n0J

0
0ν′(α)Fα(νl0|00)

× (1 − δs0δλ0) δl′0δm0

]
Fα(ν′l′m|sλ) = X̄(νlm|sλ; α)

(ν, l) = 0, 1, 2, . . . ,∞, |m| ≤ min{l, λ}, s + λ = even,
(15)

where Rnet is the net loss rate of charged particles and is
defined in equation (16) below. The right hand side vec-
tors for the required members of the hierarchy are given
explicitly in reference [27], along with the reduced ma-
trix elements of the velocity derivative 〈νl||K [1]||ν′l′〉 and
collision operator 〈νlm||J ||ν′l′m′〉 = J l

νν′(α)δll′δmm′ .
The transport coefficients of interest in the present

study are then related to the calculated moments via:

Rnet = n0

∞∑

ν′=0

J0
0ν′(α)Fα(ν′00|00), (16)

W =
i

α
Fα(010|00)− in0

∞∑

ν′=1

J0
0ν′(α)Fα(ν′00|11), (17)

DL = − 1
α

Fα(010|11)− n0

∞∑

ν′=1

J0
0ν′(α)

×
[
Fα(ν′00|20)−

√
2Fα(ν′00|22)

]
, (18)

DT = − 1
α

Fα(011|11)− n0

∞∑

ν′=1

J0
0ν′(α)

×
[
Fα(ν′00|20) +

1√
2
Fα(ν′00|22)

]
, (19)

where the summations reflect the non-conservative correc-
tions to the flux coefficients.

3 Results and discussion

3.1 Cross-section sets and inputs

The development of the complete cross-section set for
water has been detailed in recent studies [14,22], and is
based largely on the original set proposed in reference [11].
More recently, swarm data for mixtures of water and he-
lium conducted using the accurate pulsed-Townsend tech-
nique [31], have enabled a revised set of momentum trans-
fer cross-sections [23] to be used in the current study. The
cross-section set employed here for water is displayed in
Figure 1. The cross-section set for THF, displayed in Fig-
ure 2, has recently been proposed and detailed in ref-
erence [15]. We should note that thermally excited ro-
tational state populations are considered for water (but
not for THF) using Boltzmann statistics enabling supere-
lastic rotational processes to be included. Note that in
the present investigation we consider the density-reduced
electric field (E/n0) range from 0.1–1000 Td (1 Td =
10−21 Vm2). The background gas mixture temperature
is fixed at 300 K.

3.2 Swarm transport

In Figures 3–7 we present our calculated transport coeffi-
cients for electrons in both pure THF and water, as well
as various mixture ratios. Wherever possible, we have in-
cluded experimental data for electron transport in water
to support the validity of that cross-section set proposed.
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Fig. 1. Integral cross-section set for water largely based on
the original set in reference [11] but updated to account for the
more recent experimental data [14,23]. Anisotropic scattering
is considered in the elastic and rotational cross-sections.

Fig. 2. Integral cross-section set for electrons in THF [15].
Anisotropic scattering was considered to the level of including
the momentum transfer cross-section.

Errors in the two-term approximation were found to be as
high as 80%, with an lmax = 4 sufficient to achieve conver-
gence to within 1–2%, for the transport coefficients over
the range of applied reduced fields considered.

Figure 3 displays the variation of the mean energy
with THF/H2O mixture ratio over a range of applied re-
duced fields. For fields up to 5 Td, both pure gases and
their mixtures are caught in the thermal regime, where
the mean energy is that of the background gas. The large
rotational cross-sections for both gases (see Figs. 1 and 2)
act to suppress deviations from thermal equilibrium. As
the electric field is increased further, the thermal dead-
lock is broken first by THF. We should note that we
have used a ‘lumped’ rotational cross-section for THF,
with the cross-section having a representative threshold
energy of 1.205 meV being implemented. In contrast, for
water there are 120 rotational cross-sections considered in
this study with an individual threshold for each process.
The larger threshold energies, combined with the larger
summed rotational cross-sections, result in the thermal
deadlock for water remaining unbroken to higher fields.
For pure water, we observe a rapid rise in the mean en-
ergy over a very short field range, indicative of a quasi-

Fig. 3. Comparison of the calculated mean energies of elec-
trons in THF-water mixtures, for varying fractions of THF.
See legend in figure for further details.

runaway regime. At these fields, the swarm is sampling the
rapidly falling component of the cross-sections in water.
The quasi-runaway behaviour is eventually quenched by
the opening of the vibrational channels in water and the
rapid rate of increase in the swarm’s mean energy then de-
creases [11,14]. Increasing the THF fraction, we note that
this partial runaway regime is mitigated, and the rapid rise
in the mean energy is now reduced. This is also reflected
in the numerical solution of the Boltzmann equation: for
the intermediate regime, convergence is very slow for pure
water and we note that increasing the fraction of THF im-
proves the convergence rate and the computational issues
that exist with water are removed through the inclusion
of THF in the background gas. At higher fields, ionization
and electronic excitation processes become operative and
the energy variation with the field is slowed for all mix-
ture ratios considered. The mean energy appears to be a
monotonically decreasing function of THF concentration
in this regime.

In Figure 4 we display the variation of the density-
normalized net particle creation rate arising from non-
conservative processes including ionization, attachment
and dissociative electron attachment. At low fields, for
all mixtures including some fraction of THF, we observe
the presence of the important dissociative electron attach-
ment process. This DEA rate decreases in proportion with
the decreasing THF fraction. For pure water we have at-
tachment only at moderate fields, since the threshold for
attachment is 5.6 eV. The attachment cross-section for
water is greater than the DEA for THF, and dominates
the profiles for mixtures in this intermediate field regime.
The field at which there is a transition to an ionization-
dominated regime varies with the mixture ratio. While
the cross-section for ionization in water below 100 eV is
in general lower than that for THF, the mean energy is
generally higher at a given field for water than THF. It
then follows that the ionization rate for water is higher
than for the mixtures including THF over the field regime
considered.

In Figure 5 we display the variation of the flux drift
velocity with reduced electric field for various mixtures.

http://www.epj.org
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Fig. 4. Comparison of the calculated density-normalised net
particle creation rates, Rnet/n0, for varying mixture ratios
of THF to water. The (−) and (+) signs refer to the E/n0

regions dominated by attachment and ionization, respectively.
See legend in figure for further details.

Fig. 5. Comparison of the flux drift velocities in varying
THF-water fractions. The present results are compared with
the experimental values for pure water vapour of Cheung
and Elford [19], and the bulk-corrected results from Hasegawa
et al. [20,22] and Ruiz-Vargas et al. [21]. See legend in figure
for further details.

We also include the available experimental data for pure
water vapour. In the thermal regime, the drift velocity is
proportional to the field for all mixture ratios, as expected.
The variation of the drift velocity with mixture ratio in
this regime simply reflects the variation in the total mo-
mentum transfer cross-sections where we note that the
momentum transfer cross-section for THF is much larger
in magnitude than that for water vapour. This is further
evidenced by the variation of the drift velocity in the 10%
and 90% THF/H2O profiles where one notes a propor-
tionately bigger change with 10% inclusion of THF to wa-
ter than there is for a 10% inclusion of water to THF.
The mitigation of the partial runaway behaviour in water
through the addition of THF is again displayed in the drift
velocity. Finally, we draw the reader’s attention to the
suppression of the rapid increase in the drift velocity with
field with increasing the THF fraction. Often Blanc’s law
is used to model mobility/drift velocities in mixtures [32].

Fig. 6. Comparison of the bulk (dashed lines) and flux (solid
lines) drift velocities calculated for varying mixture ratios
of THF to water. See legend in figure for further details.

We note that the standard Blanc’s law models the vari-
ation of the drift velocity with the mixture ratio accu-
rately in the low field regime. At higher fields, however, as
expected the accuracy of Blanc’s law is reduced (though
still qualitatively consistent) and one would need to em-
ploy the extended (common energy) version for improved
accuracy [32].

In Figure 6 we display the bulk and flux drift veloci-
ties as a function of the reduced fields for various mixture
ratios. At low fields there is essentially no difference be-
tween the two drift velocities, despite the presence of the
non-conservative attachment process in both pure gases.
The attachment rates are so low, however, that the centre-
of-mass corrections brought about by attachment are not
observable on this scale. When ionization becomes domi-
nant, however, we note that the bulk drift velocity is al-
ways greater than the flux drift velocity. This follows since
there is preferential ionization at the front of the swarm,
and hence the particle generation at the front necessar-
ily shifts the centre-of-mass in the direction of the drift.
The bulk drift velocity enhancement over the flux drift
velocity then follows. Depending on the type of swarm ex-
periment and its analysis, one may measure either of these
drift velocities. Generally it is the flux drift velocity that
is measured in the pulsed-Townsend experiment, while it
is it the bulk drift velocity that is measured in a time-of-
flight experiment.

The variation of the diffusion coefficients with reduced
fields, for the pure gases and a 50% THF/H2O mixture
are displayed in Figure 7. At low fields, the diffusion is
isotropic (n0DT ≈ n0DL), independent of the mixture ra-
tio. In this regime, the thermal contribution to diffusion is
the dominant source, and the isotropy in the diffusion then
follows. As the thermal deadlock is broken, diffusion be-
comes anisotropic, with n0DL > n0DT for both pure THF
and water, and their mixtures. This is an electric-field in-
duced anisotropy and arises by virtue of a spatial variation
of the average energy through the swarm and an energy
dependent collision frequency [33]. We note that for all
fields, diffusion in water is greater than that in THF. This
is reflective of the enhanced collision frequencies for THF

http://www.epj.org
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Fig. 7. Comparison of the flux longitudinal and transverse dif-
fusion coefficients calculated for varying mixture ratios of THF
to water. See legend in figure for further details.

as compared with water. This is further supported by the
50% THF/H2O mixture results presented, where we note
that these profiles lie closer to the THF profiles than those
for water.

4 Concluding remarks

In this study we have began to address the question on the
appropriateness of water-vapour as a surrogate for mod-
elling electron induced processes in human tissue. As a
first step, we have calculated transport coefficients in pure
water vapour and THF, as well as for varying mixture ra-
tios. We have found that the electron transport behaviour
in water and in THF are distinctly different, and can in
some cases have differences in their transport coefficients
of an order of magnitude or more for a given electric field.

In reality, one needs to proceed beyond the gas phase
model to include the soft-condensed nature of human tis-
sue. This issue has been addressed in part through the
adaptation of gas-phase cross-sections/interaction poten-
tials to consider the spatio-temporal correlations that ex-
ist within the soft-condensed material [8–10]. Future ef-
forts are focussed on extending this formalism to targets
with long range dipole dominated interactions, that exist
in the biomolecules, and orientational correlations present
in biological media.
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