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Abstract A passive scalar field was studied under the action of pumping, diffusion and
advection by a 2D smooth flow with Lagrangian chaos. We present theoretical arguments
showing that the scalar statistics are not conformally invariant and formulate a new effective
semi-analytic algorithm to model scalar turbulence. We then carry out massive numerics
of scalar turbulence, focusing on nodal lines. The distribution of contours over sizes and
perimeters is shown to depend neither on the flow realization nor on the resolution (diffu-
sion) scale rd for scales exceeding rd . The scalar isolines are found to be fractal/smooth at
scales larger/smaller than the pumping scale. We characterize the statistics of isoline bend-
ing by the driving function of the Löwner map. That function is found to behave like dif-
fusion with diffusivity independent of the resolution yet, most surprisingly, dependent on
the velocity realization and time (beyond the time on which the statistics of the scalar is
stabilized).

Keywords Mixing fluids · Passive scalar · Statistical geometry · Turbulence

1 Introduction

A fundamental problem in mixing is to describe the iso-contours of the quantity which is
mixed (called passive scalar in what follows). This is important for numerous practical ap-
plications. Renewed interest in this problem is related to the recent mathematical advances
in describing random curves, particularly in identifying an important class of curves SLEκ
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that can be mapped into a one-dimensional Brownian walk with diffusivity κ . SLE stands
for Schramm-Löwner Evolution and presents a fascinating subject where physics meets ge-
ometry [9, 21, 25]. If lines belong to an SLE class, as was found in particular for isolines of
vorticity and other quantities in turbulent inverse cascades [5, 6, 16], conformal invariance
provides exact formulae for the statistical description of the kind unimaginable before in
turbulence studies.

Smooth velocity fields v(r) are often encountered in nature and industry. Such fields
are characterized by an exponential decay of the spectrum |vk|2. For what follows, it is
important that the velocity difference between two close points is proportional to the dis-
tance, which requires that the mean squared velocity gradient is finite, that is the integral∫

k2|vk|2dk converges at k → ∞. For this it is enough that |vk|2 decays faster than k−d−2

and the wavenumber energy spectrum E(k) ∝ kd−1|vk|2 decays faster than ∝ k−3. Examples
of spatially smooth yet temporally random flows are: elastic turbulence [22], large-scale tur-
bulence in the Earth’s atmosphere (this is a marginal case with approximately E(k) ∝ k−3

[24]), flows in the phase space of a dynamical system etc.
Mixing in smooth flows is provided by an exponential separation of trajectories and La-

grangian chaos. We consider incompressible fluid flows and Hamiltonian flows in phase
space. Generally, such flows have a positive Lyapunov exponent λ so they stretch any
element into a long narrow strip. Additionally, our passive scalar is subject to random
sources/sinks distributed in space with a correlation scale L. The resulting “passive scalar
turbulence” in this (so-called Batchelor [3]) regime has been extensively studied in terms
of the one-point probability and multi-point correlation functions [15], one can even write
down a closed expression for the probability of any given scalar field realization. Yet to the
best of our knowledge, nothing is known about the properties of an infinite-point object, such
as an isoline. This may seem surprising since much is known about isolines in a non-smooth
(fully turbulent) velocity field [5, 11, 13, 27]. Apparently, the description of contours in the
Batchelor regime is more involved. A conceptual difficulty is related to the lack of scale
invariance. Indeed, every long contour is simultaneously stretched to the scales far exceed-
ing L and contracted to the scales much less than L in transverse directions. Technically,
experimental and numerical studies of passive scalar turbulence in the Batchelor regime
are notoriously difficult because of a slow logarithmic dependence of the scalar correlation
functions on the resolution [22].

In this work we suggest a new, very effective, method of numerical simulation of pas-
sive scalar turbulence in the Batchelor regime. The method is based on the analytic repre-
sentation of the Lagrangian path integral. We carry out extensive numerical simulations of
passive scalar turbulence in two dimensions and find out that the isolines are non-fractal
one-dimensional lines at scales less than L. We then show that the isolines are fractal at
scales larger than L, and describe the statistics of the contour sizes and perimeters. Finally
we explore the relation of these isolines to SLE.

2 Passive Scalar Field

A passive scalar θ is carried by a velocity v, forced by ϕ and diffuses with the molecular
diffusivity κd :

∂tθ + (v · ∇)θ = κd∇2θ + ϕ. (1)

The velocity field v is assumed to be random, incompressible and smooth. We denote the
tensor of the local (Lagrangian) velocity gradients as σij ≡ ∂vi/∂rj . The statistics of the



426 M. Vucelja et al.

Fig. 1 A snapshot of the passive
scalar field of size (75L)2 (L is
the forcing scale). The color bar
shows the magnitude of the
scalar field (Color figure online)

velocity and its gradients is white in time and spatially isotropic:

〈
σij (t)σkl

(
t ′
)〉 = λ[3δikδjl − δij δkl − δilδjk]δ

(
t − t ′

) = ∇i∇kKjlδ
(
t − t ′

)
, (2)

where Kjl is the velocity correlation function. The pumping ϕ(t, r) is assumed to be a
random field with correlation radius L. It is believed that the statistics of the scalar field
is independent of the details of the temporal statistics of ϕ(t, r) as long as it has a finite
correlation time. In what follows we consider ϕ(t, r) to be either (i) a Poisson process of
independently adding size-L blobs of passive scalar at random positions and with random
amplitudes, see Sect. 3, or (ii) white Gaussian with zero mean and variance ϕ(t, r)ϕ(0,0) =
δ(t)χ(|r|), where χ(|r|) decays faster than any power at |r| > L, see Sect. 4.

3 The New Computational Method

Previously, passive scalar turbulence was simulated by a pseudo-spectral code (see e.g. [12,
19, 20] and references in [15]). In such simulations the numerical Fourier transform limits
the maximal attainable resolution of the scalar field. In the Batchelor regime, the caveat
is that the spatial resolution already has to be very large to compute the pair correlation
function of θ , which has a slow logarithmic decay [15]. In contrast to pseudo-spectral codes,
the method we use is spatially local, since it does not involve taking a numerical Fourier
transform. Our method is based on treating the flow and the pumping separately: we solve
the flow evolution exactly and model the pumping by adding blobs of scalar given by (3)
below. The scalar dynamics is pre-computed for every single blob of scalar obeying Eq. (1)
with ϕ = 0. A snapshot of the scalar field θ(t, r) is then obtained as a sum over blobs,
generated at random positions and random times in the past, that have independently evolved
in time (see Fig. 1). Here we exploit the linearity of the advection-diffusion equation (1) and
the smoothness of the velocity field. We assume that each blob at its initial time t0 had an
isotropic shape centered around a random position r0C and having a random amplitude Θ0:

θ(t0, r0) = Θ0 exp
[−(r0 − r0C)2/

(
2L2

)]
. (3)
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The (elliptical) shape of such a blob at a later time t is found by the method of characteristics.
In this method a PDE is rewritten as an ODE along a characteristic (i.e. a fluid trajectory). We
first pass to the reference frame of a fluid element θ(t, r) = θ(t,y +R(r0C, t0; t)) ≡ ϑ(t,y),
here y is the coordinate in the local frame and R(r0C, t0; t) is the Lagrangian trajectory that
obeys R(r0C, t0; t0) = r0C . The advection-diffusion equation in the co-moving frame reads

∂tϑ(t,y) + yjσij

∂ϑ(t,y)

∂yi

= κd∇2
yϑ(t,y). (4)

Next we Fourier transform Eq. (4) and then apply the method of characteristics. The ODE

that the Fourier transform of ϑ , labeled as ϑ̂ , obeys is dϑ̂[s,k(s)]
ds

+ κdk
2(s)ϑ̂[s,k(s)] = 0,

where k(s) = (W(s, t0)
T )−1k(t0) is the wavenumber along the characteristic and W(t, t0) is

the evolution operator, defined as: R(r0, t0; t) = W(t, t0)r0. The solution of this ODE is

ϑ̂
[
t,k(t)

] = ϑ̂
[
t0,W(t, t0)

T k(t)
]

exp

[

−1

2
k(t)T Q(t, t0)k(t)

]

, (5)

where Q(t, t0) ≡ 2κd

∫ t

t0
(W(t, t0)W(t ′, t0)−1)(W(t, t0)W(t ′, t0)−1)T dt ′ and ϑ̂[t0,W(t, t0)

T ·
k(t)] = (2π)L2Θ0e

− 1
2 (W(t,t0)T k(t))T W(t,t0)T k(t)L2

is the Fourier transform of the blob at time t0
(see Eq. (3)). Thus the Fourier transform of the blob at time t is

ϑ̂
[
t,k(t)

] = (2π)L2Θ0e
− 1

2 k(t)T I (t,t0)k(t), (6)

where we denote I (t, t0) ≡ W(t, t0)W(t, t0)
T L2 + Q(t, t0). This quantity is actually the

tensor of inertia of a blob I = (1/N)
∫

drrαrβθ , where N ≡ ∫
drθ is an invariant of Eq. (4).

It is easy to see since both definitions satisfy the same differential equation ∂t I +σI +Iσ T +
2κd = 0. Fourier transforming Eq. (6) and changing to the fixed reference frame yields the
shape of the blob at time t

θ(t, r) = Θ0L
2

√
det I (t, t0)

e− 1
2 [r−W(t,t0)r0C ]I−1(t,t0)[r−W(t,t0)r0C ]. (7)

Note that there are seven values that specify a blob at time t : the symmetric matrix I (t, t0),
Θ0, rc(t) ≡ W(t, t0)r0C and t0.

Forcing statistics. The amplitudes of the blobs, Θ0, are i.i.d. variables, with a normal dis-
tribution, of zero mean and variance 〈Θ2

0 〉 = 100. Blob “births” are modeled as a homoge-
neous Poisson process with rate parameter ν. Thus ν is the expected number of “blob births”
that occur per unit time at a given point in space. Empirically we have found that approx-
imately 4.5 × 103 blobs intersect at each pixel of our image, i.e. each pixel is sum of that
many i.i.d. variables. The Central Limit Theorem asserts that as n gets larger, the distribution
of a sum of n i.i.d. variables approaches a Gaussian distribution (see e.g. [17]). One can es-
timate the deviations from the limiting normal distribution via the generalized Berry-Esseen
theorem [7, 14, 18], which gives an upper bound of O(n−1/2). In our simulations, we thus es-
timate that the forcing differed from a Gaussian by O(10−3/2). A scalar field with forcing and
dissipation is statistically stable for times Ts ∝ λ−1 ln(L/rd) ∼ O(1). Our runs were much
longer than Ts (the simulations had T λ ∈ {20,50,100}, where rd/L ∈ {0.06,0.03,0.015},
which amounts to Ts ≤ 4).
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Fig. 2 A long scalar iso-contour in a window of 2400L × 360L, where L is the forcing scale

Velocity statistics. We modeled the velocity gradient matrix σ as: σ11 = a, σ12 = b + c,
σ21 = b − c and σ22 = −a, were a, b and c are Gaussian variables with zero mean and
variance 〈a(t)a(t ′)〉 = 〈b(t)b(t ′)〉 = 〈c(t)c(t ′)〉/2 = λδ(t − t ′). This gives us a velocity field
that is incompressible (tr(σ ) = 0) and whose stress and strain are approximately equal in
magnitude (〈detσ 〉 = 0). Numerically the correlation time of σ was one time step (�t =
0.01λ).

Methods to analyze the nodal lines of the scalar. We identify the individual contours of an
iso-set of θ by MATLAB’s contourc function. This built-in function uses linear interpolation
to parametrize the isoline by points that sit on the edges of the discretized θ field. Its error
is smaller than (rd/L)2 max{|∇i∇j θ |} 1

8 , where (rd/L) is the distance between two neigh-
boring passive scalar data points and max{|∇i∇j θ |} is the maximal second order derivative
of θ between two neighboring points. In our simulations typically max{|∇i∇j θ |} 1

8 = O(1),
which amounts to an interpolation error of the order of (rd/L)2. An example of a long con-
tour can be seen in Fig. 2. On the isolines, we measure the box-counting generalized fractal
dimensions: Dq ≡ limε→0 log(

∑N(ε)

i p
q

i (ε))[(q − 1) log(ε)]−1. Here pi(ε) is the probabil-
ity of finding a point in the i-th square of area ε2, and N(ε) is the number of ε2 squares
needed to cover the contour. For long contours, we study the statistics of bending by making
the Löwner map of the half-plane minus curve into a half-plane [5, 23]. As one goes along
the curve, the image moves along the half-plane boundary; if this motion (called driving
function) is Brownian then the curve belongs to SLE class.

4 Theoretical Expectations

At times exceeding the pumping correlation time, the pumping alone would produce a Gaus-
sian field θ whose zero isolines are smooth at the scales below L, while at larger scales the
isolines are those of critical percolation (class of curves called SLE6 and having dimension
D0 = 7/4). The velocity field by itself does not change the statistics of θ as it just rearranges
it; the flow stretches isolines uniformly in the direction of the eigenvector of the positive
Lyapunov exponent and contracts transversal to it. Nontrivial statistics of θ and its isolines
arises from an interplay of velocity, pumping and finite diffusivity or finite resolution, which
leads to the dissipation of θ and reconnection of isolines that come closer than the resolu-
tion scale rd . We assume rd � L. At the scales between L and rd , there is a cascade of the
passive scalar whose correlation functions are logarithmic: 〈θn(0)θn(r)〉 ∼ lnn(L/r) [3].
Lower orders, n < ln(L/r), correspond to a Gaussian probability density function (PDF),
while the PDF tails are exponential [15]. The scalar field itself is thus non-smooth at r < L,
what about its isolines? If the scalar were a Gaussian (free) field with logarithmic corre-
lation functions, it would have isolines with fractal dimension 3/2. However the Gaussian
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probability functional,

P{θ} ∝ exp

[

−μ

2

∫
dr

∣
∣∇θ(r)

∣
∣2

/χ(0)

]

, (8)

does not satisfy the Fokker-Planck equation, which can be derived for the scalar field under
the action of both velocity and pumping, which are white in time:

∂P
∂t

= 1

2

∫∫
dr1dr2

δ2

δθ(r1)δθ(r2)

[
Kαβ∇αθ(r1)∇βθ(r2)

− χ
(|r1 − r2|

)]
P + κd

∫
dr1

δ

δθ(r1)
∇2θ(r1)P. (9)

By substituting (8) in (9) we see that already the first term gives a non-vanishing contribu-
tion:

∫∫
dr1dr2λP

{
2
[∇θ(r1) · ∇θ(r2)

]2 − ∣
∣∇θ(r1)

∣
∣2∣∣∇θ(r2)

∣
∣2}

. (10)

Since it is the highest order in θ , it cannot be canceled by any other terms so that the Fokker-
Planck equation is not satisfied and the statistics is non-Gaussian. Indeed, we know that
correlation functions of θ include cumulants [1]. One may argue that the cumulants contain
less logarithmic factors than reducible terms and are small [15]. However, the properties
of the isolines must depend on those cumulants, since they contribute to the correlation
functions of the gradients at the leading order.

Likewise it is straightforward to establish that the correlation functions of the passive
scalar are not conformally invariant, i.e., for instance, the four-point function does not have
the form

F4 = f

(
r12r34

r13r24
,
r12r34

r14r23

)

(r12r34r14r23r13r24)
a. (11)

Indeed, we know from [1] that F4 = F(r12, r34) + F(r13, r24) + F(r14, r23). This is
compatible with (11) only for F(x, y) = (xy)a/2 + (xy−2)a/2 + (x−2y)a/2 which leads to
F4 = (r12r34)

2a + (r13r24)
2a + (r14r23)

2a , i.e. to a Gaussian statistics. However we have just
shown (see previous paragraph) that θ differs from a Gaussian free field. Therefore, passive
scalar is not in any way close to a free field and its statistics is not conformally invariant.

If one tries to find an analogy with a non-Gaussian field having logarithmic correlation
functions, such as the height function built from independently oriented loops in the O(n)

model [10], the deviations of |κ − 4| and |D − 3/2| are proportional to cumulants in this
case. Another much exploited similarity is between the passive scalar and the vorticity cas-
cade of two-dimensional turbulence; vorticity was shown to have multifractal isolines with
dimensionalities changing from 3/2 to 1 [6].

5 Numerical Results and Discussion

Let us now confront theoretical expectations with the results of numerics. We made several
velocity realizations with different resolutions rd/L ∈ {0.06,0.03,0.015}, pumping frequen-
cies ν/λ ∈ {0.2,0.5,1,2} and scalar evolution times T λ ∈ {20,50,100}.
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Fig. 3 The generalized box
counting fractal dimension Dq is
scale dependent. Below the
forcing scale L the curves are
smooth with Dq = 1, while
above L, the contour seems to be
a simple fractal with Dq in
between 1.55–1.7. The pumping
frequency was ν/λ = 1

Fig. 4 The box counting fractal
dimension D0, for ν/λ = 1,
estimated from the slope:
d logN(ε)/d log(L/ε). It is scale
dependent and we see that bellow
the forcing scale L the curves are
smooth with D0 = 1, while
above L, the contour seems to be
a fractal having D0 in the range
1.55–1.7

5.1 Fractal Dimension

Despite all of the suggestive similarities, presented in the previous section, we see that scalar
isolines are smooth below L. Figures 3 and 4 show the box-counting dimensions of contours.
Actually the fact that the scalar isolines are smooth below L is quite natural from the phys-
ical perspective since all of the factors (velocity, pumping, diffusion) are smooth at these
scales. In particular, that means that the scalar field non-smoothness is related to the discon-
tinuities of θ across (smooth) isolines. Within our accuracy, we cannot see any difference
between the dimensions of the different orders and conclude that our contours are mono-
fractals, which is distinct from the multi-fractal iso-vorticity contours in a direct cascade
of 2d turbulence [5]. This difference might be due to the fact that all parts of our scalar
contours go through the same history of velocity, while parts of a long vorticity contour may
have different histories.

5.2 The Statistics of Contour Sizes and Perimeters

Let us now describe the probability density function (PDF) of contour perimeters P and
sizes characterized by the mean radius R ≡ √〈(ρ − 〈ρ〉)2〉, here ρ denotes the pairs of points
parameterizing a contour and averaging 〈·〉 is done over the points. Figures 5 and 6 present
the PDFs of log(P/L) and log(R/L) and show that they depend neither on the resolution



Fractal Iso-Contours of Passive Scalar 431

Fig. 5 The PDF of perimeters for different pumping frequencies (upper three curves) and resolutions (lower
three curves). Lower three are shifted down by dividing by 10, without shifting all curves collapse together
(Color figure online)

Fig. 6 The PDF of sizes for different pumping frequencies (upper three curves) and resolutions (lower three
curves). Lower three are shifted down by dividing by 10, without shifting all curves collapse together (Color
figure online)

for rd/L = 0.015–0.06 nor on the pumping frequency for ν/λ = 0.2–2. In both figures, the
upper three curves are at different ν/λ and have the same rd/L = 0.06; while the lower three
curves (PDF of those was divided by 10) differ in rd/L and have the same ν/λ = 1. Lower
three are shifted down only for visualization purposes, without shifting all curves collapse
together.

Let us consider separately the left and right tails of the PDFs. Since the probability of
contours much larger than rd is independent of diffusion then it must be determined by an
interplay of stretching and pumping. Figures 5 and 6 show that the left tails of both P(P )

and P(R) look like a power law with the power 3/2. Contours shorter than L must appear
when pumping cuts a piece off a long thin contour, the probability of such a cut is ∝ P ∝ R

(small contours are smooth so that P ∝ R). The extra factor
√

P ∝ √
R in the PDF may

appear because, to be observed, small contours need to survive without being swallowed by
further pumping events, the lifetime is likely to be ∝ √

P ∝ √
R. Since creation and survival

are independent events, their probabilities are multiplied.
What should one expect for the PDFs of contour sizes at scales exceeding L? It is

tempting to assume that a long contour appears due to an evolution undisturbed by pump-
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Table 1 Generalized fractal
dimensions, for different
pumping frequencies ν/λ

ν/λ D0 D2 D4

0.2 1.61 ± 0.05 1.66 ± 0.02 1.67 ± 0.02

0.5 1.62 ± 0.03 1.65 ± 0.05 1.65 ± 0.05

1 1.62 ± 0.05 1.67 ± 0.05 1.67 ± 0.03

2 1.62 ± 0.03 1.68 ± 0.06 1.68 ± 0.04

ing during a long time t . The length of such a contour is L exp(λt) as long as it does
not exceed L2/rd . The probability that the pumping did not act during the time t is
given by a Poisson law exp(−νt) where ν is the pumping correlation time (in our algo-
rithm, an average time between producing blobs of θ in a given place). We then obtain
P(R) = ∫

dt exp(−νt)δ(R − exp(λt)) ∝ R−1−ν/λ, which would mean that the PDF tail is
non-universal and depends on the statistics of pumping and velocity. If that was true, one
would expect the same tail for the PDF of perimeters as well. However, the above considera-
tion totally disregards the fractal nature of long contours (shown in Fig. 3). We have checked
that the fractal dimensions within our error bars were the same for different pumping fre-
quencies ν, see Table 1. In line with long contour fractality, the right tails of the PDFs of P

and R are very different. The tail of the PDF of sizes, P(R), looks log-normal, see Fig. 6.
The tail of P(P ) looks like a universal power law, independent of the resolution and the
pumping frequency ν, see Fig. 5. In log coordinates the tail is close to 1/P so it may be that
P(P ) ∝ P −2, yet we were unable to derive this law theoretically so far.

Looking at Figs. 5 and 6, a natural question is whether the positions of the maxima de-
pend on the resolution. Pumping produces more or less circular contours of radius L, which
are then deformed into ellipsoids of increasing eccentricity by the velocity field. Pumping
continues to act by bending elongated contours. Those contours that on average have not
changed much by this bending disappear after reaching the length of order L2/rd and re-
spectively the width of order the coarse-graining scale rd . One then asks if the scale L2/rd

is special, apart from L and rd . Numerics gives a negative answer: lower curves in Figs. 5
and 6 compare runs with three different rd and show that the PDFs do not depend on the
resolution for the scales exceeding rd . In particular, the PDFs of the sizes have the maximum
at the pumping scale L independently of the resolution (or diffusion scale). We checked that
the statistics is practically the same for either an average distance of the contour points from
their center of mass or the maximal distance between the points of the contour (gyration
radius). The PDFs of perimeter also have maxima independent of the diffusion scale (at the
size approximately 2πL). The only difference one can distinguish in the lower curves in
Figs. 5 and 6 is the appearance of the secondary maximum at small scales for the curve with
the best resolution, there the resolution scale 0.015L is comparable with the diffusion scale,
which is 0.01L in all runs; in other words, there is an abundance of diffusion-scale contours.

5.3 Löwner Map Characterization of Curves

Quite unusual statistics of the passive scalar lacking scale-invariance has been found at
r > L: multi-point correlation functions strongly depend on geometry [2]. This is because
of the highly anisotropic “strip” structure of the field seen clearly in Fig. 1. Let us dis-
cuss the statistics of bending for the isolines extending for such long distances. If there was
only pumping then on the scales larger than L the scalar would be a short-correlated field
whose nodal lines are equivalent to critical percolation, i.e. SLE6. Without diffusion and
with infinite resolution, velocity only distorts the field. Of course, distorted field is not SLE
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Fig. 7 Effective diffusivity of
the driving function ξ(t) for
different velocity realizations
(1–3), where t is time in
Löwner’s equation, see [25]. The
curves are ensemble averages of
Ni contours (inset: of ni

contours) from the i-th velocity
realization. Inset shows the
effective diffusivity for velocity
realizations 1 and 3 after
contraction by L/rd . The
pumping frequency was ν/λ = 1
(Color figure online)

[23]; for instance, stretching vertically a chordal SLE in a half-plane one adds to the driving
function extra intervals of no change, that diminishes κ and provides for a finite correlation
scale (equivalently, finite correlations in Löwner time t which is the coordinate along the
contour). And yet, deforming it back with a time-dependent distortion factor exp(2λT ), we
would get the same SLE6. While the restoration procedure itself may be not very practi-
cal since real flows consist of many such domains oriented randomly, the very possibility
of it means potential availability of very useful exact formulae describing the statistics of
contours. For example, one may be able to describe crossing and surrounding probabilities
(like Cardy-Smirnov formula [8, 26]) with just a simple re-scaling. However, a finite reso-
lution/diffusion leads to irreversible changes. Indeed, when velocity distorts the contours, it
causes some distances in the contracting directions to become less than the resolution scale
rd which leads to reconnections and disappearance of thin contours. Now it is highly non-
trivial if any trace of initial SLE can be recovered, and if yes, after what contraction. One
may try to estimate the stretching factor empirically by measuring the aspect ratio of the
boxes one can fit the contours into; we found out that this approach does not work since
such an aspect ratio fluctuates strongly (by several orders of magnitude).

Let us recall that Oseledec theorem and a general theory of Lagrangian chaos with dif-
fusion [15] state that any finite-point statistic is independent of the velocity realization and
can be understood under the assumption that the effective contraction factor is L/rd . This
is based on the fact that Lyapunov exponents are self-averaging and the mean lifetime of
scalar blobs is λ−1 ln(L/rd). If one is to extend this reasoning to the statistics of an infinite-
point object, then one expects the isoline statistics to depend strongly on the resolution scale
rd and be independent of the velocity realization in a steady state and for sufficiently long
contours that appear after a long history of stretching. As we now see, both predictions fail
spectacularly.

As was already stated above, we characterize the behavior of a single line by the driving
function of the Löwner map. Figure 7 shows that driving functions behave roughly as that of
diffusion and so can be characterized by the diffusivity κ = 〈ξ 2(t)〉/t . As seen in Fig. 8, the
diffusivity is independent of the resolution scale (this may be related to the problem of noise
sensitivity in the statistics of random curves [4]). It is also independent of the contour sizes
as long as they are larger than L, yet κ is different in different velocity realizations even on
the same very long Löwner timescale (i.e. for very long contours). Most dramatically, Fig. 8
shows that κ depends strongly on the time T of stretching. That dependence continues on
extremely long timescales far exceeding the time λ−1 ln(L/rd) during which the scalar field
itself acquires stationary statistics. We conclude that long contours undergo stretching and
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Fig. 8 Effective diffusivity of the driving function ξ(t) for different resolution scales and the evolution times
T λ for the same velocity realization. Ni show the number of contours we averaged over and label the curves.
Graphs N1, N2 and N5 show that κ = 〈ξ2(t)〉/t depends on the evolution time T λ ∈ {20,50,100}, while N1,
N2 and N3 show that κ does not depend on the resolution rd/L ∈ {0.015,0.03,0.06}. The curves of different
resolutions are of different length since the time of the Löwner map is measured in the units of length squared
and for a better resolution we used a smaller physical window (all scalar snapshots had 400002 pixels, but in
terms of the forcing scale they had (600L)2, (1200L)2, (2400L)2 respectively). The pumping frequency was
ν/λ = 1 (Color figure online)

their statistics changes on a much larger timescale than the scalar blob lifetime. Let us stress
the discrepancy: κ depends strongly on the distortion and yet it is independent of rd (at least
within the limits we studied), that is the effective distortion factor for long isolines is not
L/rd (as it is for multi-point statistics). On the other hand, note that choosing the contraction
factor equal to L/rd one obtains κ of the “right” order of magnitude (between 3 and 17 for
different velocity realizations, see inset of Fig. 7). One is tempted to explore whether one
can recover SLE contours (despite all the loss of information due to reconnections) by fine-
tuning the distortion factor, possibly by requiring either restoration of statistical isotropy or
shortest correlation time of ξ(t). Further studies with extensive statistics are needed to sort
out which properties of the critical percolation are retained by the large-scale statistics of
passive scalar contours in the Batchelor regime.
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